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ABSTRACT
We develop a new formalism for the study of turbulence using the scale relativity framework (applied in v-space, following de Montera’s
proposal). We first review some of the various ingredients which are at the heart of the scale relativity approach (scale dependence and
fractality, chaotic paths, irreversibility) and recall that they indeed characterize fully developed turbulent flows. Then, we show that, in this
framework, the time derivative of the Navier-Stokes equation can be transformed into a macroscopic Schrödinger-like equation. The local
velocity Probability Distribution Function (PDF), Pv(v), is given by the squared modulus of a solution of this equation. This implies the
presence of null minima Pv(vi) ≈ 0 in this PDF. We also predict a new acceleration component, Aq(v) = ±Dv ∂v lnPv , which is divergent
in these minima. Then, we check these theoretical predictions by data analysis of available turbulence experiments: (1) Empty zones are in
effect detected in observed Lagrangian velocity PDFs. (2) A direct proof of the existence of the new acceleration component is obtained by
identifying it in the data of a laboratory turbulence experiment. (3) It precisely accounts for the intermittent bursts of the acceleration observed
in experiments, separated by calm zones which correspond to Aq ≈ 0 and are shown to remain perfectly Gaussian. (4) Moreover, the shape
of the acceleration PDF can be analytically predicted from Aq, and this theoretical PDF precisely fits the experimental data, including the
large tails. (5) Finally, numerical simulations of this new process allow us to recover the observed autocorrelation functions of acceleration
magnitude and the exponents of structure functions.
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I. INTRODUCTION

Turbulence is a complex dynamical phenomenon which
involves the coupling of many scales together. Its understanding is
“one of the greatest challenges of modern physics.”1,2 Turbulent flu-
ids can be seen as spatiotemporal chaotic systems involving a lot
of coupled degrees of freedom. This has prevented their descrip-
tion in terms of the theory of low dimensionality chaotic dynamical
systems. Moreover, they are out of equilibrium systems. This is man-
ifested through the existence of a cascade of energy flux3 connecting
the various scales. This cascade is conveyed through a multiscale
organization of eddies through their fragmentation (direct cascade)
or fusion (inverse cascade).

Although the underlying (Navier-Stokes) equations are deter-
ministic, turbulent flows are so complex phenomena that most of
their components are usually considered to being fully random and
thus described by stochastic tools. However, one of the main goals
of the present paper amounts to show that some components of
the Lagrangian acceleration are partly deterministic and behave as
pseudorandom variables.

The physical consequences of the cascade were first explored
by Kolmogorov (K41).4 He found that there is an “inertial” range of
scales in which the eddies are too large for viscosity to be important
and too small to retain any effect of large-scale inhomogeneities. The
Navier-Stokes equations are invariant to scaling transformations in
this inertial domain (see, e.g., Ref. 1), which ranges from the dissi-
pative small scale (η, τη) to the integral large scale (L, TL) of energy
input. In that range, fundamental scaling relations have been found
by Kolmogorov for velocity increments, δv ∼ δx1/3 (Eulerian) and
δv ∼ δt1/2 (Lagrangian)5 under the hypothesis of an invariant energy
transfer ε between eddies of different scales. We shall see that this
universal Lagrangian K41 scaling also plays a leading role in the
present work, interpreted as fractality (of fractal dimension 2) in
velocity space.6

One of the main unsolved properties of fully developed turbu-
lence is intermittency. It manifests itself as an alternance of calm
periods and bursts of intense activity for accelerations or velocity
increments. One of its signatures is the existence of very large tails
of the acceleration probability distribution (PDF), which have been
experimentally measured up to more than 50 standard deviations.7
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Another signature is the differences experimentally observed for
exponents of structure functions with the K41 expectation. Several
stochastic models have been designed to account for this intermit-
tency, beginning with Kolmogorov (K62),8 in particular, multifractal
random walks.1,9–14 These models are based on some experimentally
observed specific features (such as correlation functions) but are not
dynamical solutions of the Navier-Stokes equations. The problem of
intermittency remains a subject of ongoing active research.15–17 In
the present paper, we suggest an alternative solution to the intermit-
tency problem, involving the effective dynamics and thus accounting
for its various characteristics.

The theory of scale relativity,18–20 on its side, has been con-
structed for describing explicitly scale dependent (in particular frac-
tal21) physical phenomena. For this purpose, it introduces scales in
an explicit way, both in variables and equations. In its framework,
one looks for the form taken by the equation of dynamics in a fractal
and nondifferentiable geometry. One finds that it can be integrated
under the form of a Schrödinger-type equation.

Various ingredients of standard quantum mechanics were
recovered and demonstrated from this approach:18,22,19 in particu-
lar, the wave function is just a manifestation of the velocity field of
the fluid of geodesics in a fractal space, and the Schrödinger equation
is an integral of the equation of geodesics, re-expressed in terms of
this wave function.

It appeared that the theory could also be applied, as an
approximation, to chaotic macroscopic systems.18,23,19 Indeed, a
Schrödinger-type equation can be obtained from the equations of
dynamics under just three conditions:18,19 (i) infinite number of
potential paths, (ii) fractality of each path (with fractal dimension 2),
and (iii) local irreversibility under reflection of the time increment
(δt↔ −δt).

This led us to suggest that a fractal medium could simulate,
at some level, a fractal space, and that particles moving in such a
medium could therefore acquire macroscopic quantum-type prop-
erties; hence, we wrote as early as 1993 (Ref. 18, Chap. 7) “such
a (fractal) medium should show very unusual properties, e.g., a
quasiquantum coherent behavior at macroscopic scales.”

Actually, the theory of scale relativity, when it is applied at the
fundamental level (i.e., as an attempt of theoretical foundation of
standard quantum mechanics) introduces a fractal space (more gen-
erally space-time) as a generalization of the curved space-time of
general relativity. In this case, “fractal space” denotes a purely geo-
metrical entity, defined at the inter-relational level (as described, e.g.,
by a metric relation), but without any specific substance. The main
idea here is that if a (now material) medium owns the same kind of
fractal and nondifferentiable properties, it would play for the objects
moving into it the role played by a fractal space on the objects it
contains.

The open question since that time was therefore to find such
a medium in natural systems or to build it in a laboratory exper-
iment. However, such systems are expected to be fractal only on
a limited range of scales. Two additional constraints should be
added to the three above conditions for manifesting such a macro-
scopic Schrödinger regime: (iv) a large enough range of fractal
scales (Ref. 19, Chap. 10) and (v) Newtonian dynamics. Indeed,
in the application of the theory to quantum mechanics, we con-
sidered that space-time was fractal and nondifferentiable below
the de Broglie scale, without any lower limit, and the dynamics

is naturally Newtonian. However, when it is applied to a frac-
tal medium instead of a fractal space, a lower scale is expected
for its fractality, and the diffusive aspects of the medium may
involve a Langevin-type dynamics instead of a Newtonian one. This
reduces the number of systems where such a new physics could be
implemented.

One of the natural realms to search for such properties at
the observational level was therefore astrophysics, which provides
one with both fractal systems on large ranges of scales and New-
tonian/Einsteinian dynamics, since their formation and evolution
are dominated by gravitation. Then, a large body of indirect proofs
of a macroscopic Schrödinger regime has been revealed for many
astrophysical systems on many scales, from planetary systems to
extragalactic scales (Ref. 18, Chap. 7.2)24,23,25 and (Ref. 19, Chap.
13). Other suggestions of possible implementations of such a new
physics have been made in biophysics26–28 but also in solid state
physics where it could be involved in the unusual properties of high
temperature superconductors.29,30

However, a direct proof from a laboratory experiment was still
lacking. It has been suggested by Montera6 that such a proof could
be found in a fully developed turbulent fluid, but in velocity-space
instead of position-space. Indeed, the above five conditions are ful-
filled for such a fluid, but condition (ii) applies for velocity incre-
ments instead of space increments, under the Kolmogorov (K41)
inertial scaling relation δv2 ∼ δt which corresponds to fractal dimen-
sion 2 in v-space. Moreover, it is known that this relation holds
between the integral scale TL at large scales and the dissipative Kol-
mogorov scale τη at small scales and that their ratio (i.e., the range
of fractal scales) is given by TL/τη ≈ Rλ/2C0 in terms of the reduced
Reynolds number Rλ =

√
15Re. Here, C0 is the Kolmogorov con-

stant in the Lagrangian velocity autocorrelation function, and D2(τ)
= C0ετ, where ε is the rate of energy dissipation, leading to the K41
relation C0ε = 2σ2

v/TL. With C0 ≈ 4,31 one obtains a scale ratio
of 100 for Rλ = 800, while the turbulence is considered to be fully
developed beyond Rλ ≈ 500.32 Finally, being described by the Navier-
Stokes equations, the dynamics is essentially Newtonian, at least in
the inertial range, although it becomes dominated by the diffusion
term νΔv at small dissipative scales, at which the scaling behavior
ceases.

Another strong argument for the application of the scale rela-
tivity approach to a fully turbulent fluid is that it is directly adapted
to the Lagrangian description of such a fluid (and therefore to
a comparison with Lagrangian experiments). Indeed, one obtains
the Schrödinger-type description22 by identifying the wave function
with a manifestation of the velocity field of fractal geodesics.18

Numerical simulations of fractal geodesics33 (Ref. 19, Chap. 10)
have been performed in the context of standard quantum mechan-
ics. They have allowed us to recover the probability densities which
are solutions of the Schrödinger equation in a direct way, with-
out writing it explicitly. These simulations anticipate the application
of scale relativity to turbulence. Indeed, in Lagrangian turbulence
experiments,31,32 one follows Lagrangian small particles which are
considered as valid tracers of the fluid elements.34 In our framework,
the trajectories of these tracers can then be considered as concrete
manifestations of the virtual fractal geodesics introduced in the scale
relativity approach.

In the present paper, we first compare the characteristics of tur-
bulent fluids to the various principles underlying the construction
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of the scale relativity theory (SRT) (Sec. II). We show in Sec. III
how the various physical and mathematical tools of scale relativ-
ity are fully supported by experimental data of turbulent flows. We
also briefly review the basic mathematical methods by which one
constructs the wave function and the geodesics equation, show-
ing that they are well-known and proven methods widely used in
stochastic descriptions of turbulence: it is just their special combina-
tion which is specific of scale relativity. In Sec. IV, the Schrödinger
form of the equation of motion is derived, first in position space
and then in velocity space for application to turbulence.6 Section V
describes the main implications and theoretical predictions that one
can expect from the new approach, in particular, those which can
be experimentally put to the test: the main one is the prediction of
the existence of a new acceleration component Aq = ±Dv ∂v lnPv ,
where Pv = ∣ψv ∣2 is the local PDF of velocity given by the square
of the modulus of a wave function ψv , which is solution of a
Schrödinger-like equation. We list in Sec. VI some experimental
observations and results that already come in support of these the-
oretical expectations and we end by a discussion and conclusion in
Sec. VII.

II. SCALE RELATIVITY DESCRIPTION VS TURBULENCE
The application of the theory of scale relativity18,19 to turbu-

lence6 is supported by many elements.29,35 Indeed, let us recall the
various ingredients of this theory and put them in correspondence
with some recognized characteristics of turbulent fluids.

● Scale dependence. The scale relativity theory (SRT) aims at
describing systems which are explicitly dependent on scales.
It is well known that this is just the case for a fully developed
turbulent fluid.

● Scale variables. In SRT, one describes this scale dependence
through the introduction of one or several scale variables.
For example, a standard time-dependent function f (t) is
replaced by a two-variable function f (t, δt) depending on
time t and time scale δt.

In turbulent fluids, it is well-known that several phys-
ical quantities are explicitly scale dependent in the inertial
range, i.e., from the Kolmogorov dissipative small scales to
the integral large scales where the energy is injected. For
example, in the Lagrangian description in terms of fluid par-
ticle trajectories, the accelerations measured for small test-
particles are explicitly dependent on the time interval τ = δt
(see Fig. 4).36,32,31,37

● Relativity of scales. The theory of scale relativity relies on
the fact that the various scales are not absolute, but only rela-
tive. Indeed, only ratios of scales do have a physical meaning,
not a scale by itself. This new relativity is therefore expressed
in terms of multiplicative groups instead of the usual addi-
tive groups of motion relativity. However, the relevant scale
variables being actually given by logarithms of scale intervals
ratios, e.g., ln(τ/T), one recovers standard additive groups in
terms of these logarithmic variables.

The study of turbulent fluid just involves a scale
description in terms of such variables, for example, ln(τ/TL)
or ln(τ/τη) in the Lagrangian representation, where TL is
the Lagrangian integral time scale and τη is the Kolmogorov

dissipative time scale. The scale relativity aspect of turbu-
lence is manifested by the need of such reference scales in
the definition of the scale variables since the dimensioned
scale interval τ = δt has no meaning in itself, but only the
ratio between this scale and the reference scale.

● Chaotic trajectories. The application of the scale relativity
theory to the macroscopic realm is specific of chaotic sys-
tems, at time scales larger than their horizon of predictibility
(Ref. 18, Chap. 7.2). On these time scales (larger than about
10 to 20 Lyapunov times), the strict determinism is lost and
one is led to use a stochastic description. This ensures the
first condition underlying the scale relativity description,
according to which there is an infinity (or at least a very
large number) of possible trajectories whatever the initial
conditions are.

It is well known that the fluid element trajectories in
a turbulent fluid are chaotic.1 In effect, the predictibility of
individual trajectories is lost after some Kolmogorov times
(see Fig. 3).

● Scale laws. One of the three main conditions upon which
the scale relativity description relies is the fractal dimension
Df = 2 of trajectories. In position space, it is expressed by the
fact that the space increments and the time increments are
no longer of the same order since δx ∼ δt1/2.

In a similar way, fractality with dimension Df = 2 in
velocity space is expressed by the relation δv ∼ δt1/2. This
is just the universal Kolmogorov (K41) scaling law in the
Lagrangian representation.4 Recall that it can be obtained by
simple dimensional analysis based on the assumption that
the various scale dependences be driven by the mere energy
ε transferred between scales in the turbulent cascade5 (which
is also the energy finally dissipated into heat at Kolmogorov
viscous scales). In the Eulerian representation, one finds δv
∼ δx1/3.

● Irreversibility. The third condition on which the obten-
tion of a Schrödinger-type equation relies in the theory of
scale relativity is local irreversibility. In the new description,
velocities are fractal functions, i.e., explicitly scale depen-
dent functions v(t, δt). Their derivative (the acceleration)
must be defined from two points, the second point being
taken after [i.e., from the velocity increment v(t + δt, δt)
− v(t, δt)] or before the initial point [v(t, δt) − v(t − δt,
δt)]. There is no a priori reason for the two increments to
be the same, which leads to a fundamental two-valuedness
of the acceleration (that we describe in terms of complex
numbers).

It is widely known that the trajectories of fluid elements
in a turbulent fluid are irreversible.38 Here, this local irre-
versibility takes a new meaning, when it is accounted for by
this doubling of the acceleration vector and combined with
the fractality of trajectories in velocity space.

● Newtonian regime. As we have recalled, we need the New-
tonian dynamics (linking the force to the second deriva-
tive of the variable) to obtain a Schrödinger form of the
motion equation from fractality and nondifferentiability. A
Langevin regime (in which the action of a force is a velocity
instead of an acceleration) does not yield this result (Ref. 19,
Chap. 10).
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FIG. 1. Example of evolution in a function
of time of the velocity of a Lagrangian
particle (Seg3398 of Mordant’s experi-
ment man290501).

The basic equations of fluid mechanics are the Navier-
Stokes equations which are clearly of Newtonian nature (i.e.,
they involve the second derivative of the variable), even if
they contain a dissipative viscous term. The same is true
after jumping to velocity space: the basic variable becomes
the velocity vector, and the equation of dynamics is just the
time derivative of the Navier-Stokes equations.

● Range of fractal scales. The last condition is that the range
of scales involving a Df = 2 fractal-type behavior be large
enough for the relation δv ∼ δt1/2 be fulfilled, at least in an
effective way (Ref. 19, Sec. 10.3.2).

In turbulent fluids, this means establishing the condi-
tions under which the K41 scaling can be observed. The
range of scales where it manifests itself is the inertial range,
which is limited by the Kolmogorov dissipative scale τη and
the integral scale TL. As recalled in the Introduction, their
ratio is given by

TL

τη
≈ Rλ

2C0
, (1)

i.e., according to the estimated values of C0 = 4–7,31,39–43 the
range of scales is ≈ Rλ/10. The transition to fully developed
turbulence is estimated to be at Rλ ≈ 500, yielding a scale
ratio 50, while Rλ ≈ 1000 yields TL/τη ≈ 100, as experimen-
tally observed.37,32 As we shall see, a well defined (effective)
Kolmogorov regime is observed under these conditions (see
Fig. 5).

III. EXPERIMENTAL SUPPORT FOR THE APPLICATION
OF SRT TO TURBULENCE
A. Infinite number of virtual trajectories

In a turbulent fluid, the trajectories in v-space are no longer
deterministic. Namely, under the same initial conditions of veloc-
ity and acceleration (v0, a0) [and more generally (x0, v0, a0)], the
subsequent evolution of a fluid particle is not determined on time
scales larger than the Kolmogorov dissipative time scale τη. This is

supported by all turbulence experiments such as Lagrangian-type
experiments where one follows small particles considered to be valid
tracers of the fluid particles (see Figs. 1 and 2). In von Karman
contra-rotative experiments, it has been shown that particles of size
< ≈ 100 μm achieved such valid tracers.32

We have given in Fig. 3 an example of five trajectories in v-
space starting from nearby initial conditions in velocities and accel-
erations. It is clear on the figure that during the first instants (of
some τη’s), there is a memory of the initial conditions and a partial
determinism, after which the trajectories diffuse in a Brownian-like
chaotic way. This is in agreement with the observed correlation time
of an acceleration of ≈2.5τη.37

This supports a description in terms of stochastic scale-
dependent variables, v = v(t, δt).

B. Scaling laws
The basic stochastic (and Lagrangian K41) scaling law in the

inertial range δv ∼ τ1/2 (where τ is the time increment, τ = δt)
or equivalently for accelerations σa(τ) ∼ τ−1/2 can be shown to be
present in an effective way in Lagrangian experimental data of fully
developed turbulence (Rλ > ≈ 500); see Fig. 4. As can be seen in Fig. 5,
this law is observable locally in individual segments, not only for the
full data (3 × 106 velocity values). This is an important point since,
as we shall see, the new structures pointed out here, concerning, in
particular, the PDF of velocities, are purely local.

As a direct consequence, the expected scaling law for the accel-
eration a and for its increment da is a ∼ da ∼ δt−1/2. This is also
confirmed in the experimental data (see Figs. 6 and 7).

C. Time irreversibility and two-valuedness of
acceleration

We have plotted in Fig. 6 a comparison between a(t) and its
increments da(t) in a function of time for a long trajectory (Seg3398)
in Mordant’s experiment man290501.31,37,44,40 The time units are
τu = 0.7 and τη = 1/6500 s. The increments da are here sim-
ply measured by finite elements da = a(ti+1) − a(ti) on intervals
ti+1 − ti = τu.

FIG. 2. Time evolution of acceleration
for Seg3398 of Mordant’s experiment
man290501. The intermittency is clearly
seen in terms of an alternance of quiet
periods followed by bursts of fluctuating
very high accelerations.
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FIG. 3. Example of five 2D trajectories in v-space (from Mordant’s37 2D experi-
ment) starting from close initial conditions (circle) of velocities (vx = vy = 0.15 m/s)
and accelerations (ax = ay = 300 m/s2). Each points are separated by a time
interval τu = 1/6500 s ≈ 0.7 τη. The trajectories are followed on a total time 146
τu = TL.

Two remarkable features appear in this figure.

(i) While for a standard differentiable curve, one would expect
da ≪ a, which is the basis for using the usual differential
calculus, it is very clear that this condition is far from being
achieved. On the contrary, da is clearly of the same order than
a itself, da ≈ a, and it can therefore not be treated as a standard
differential element.

(ii) Moreover, |a| and |da| are not only of the same order, but
remarkably similar. Such a possibility has been theoretically
anticipated at the beginning of the 1990s:18 we had found
fractal functions whose derivative were quite similar to the
function itself (Fig. 8). Strictly, such functions ξ(x, dx) are

FIG. 4. Time scale dependence of acceleration in Mordant’s experiment
man290501 (points, Rλ = 800), compared with a K41 scaling law σa(τ) ∼ τ−1/2

(red dashed line).The small scale transition is the transition between the inertial
(K41) regime and the Kolmogorov dissipative scale τη; the value at which the iner-
tial regime is reached is somewhat large in these data (≈5τη) as a consequence
of the particle size (250 μm). At large scales, the transition is around the integral
time scale TL, which is ≈100 times τη in these data.

FIG. 5. Time scale dependence of velocity increments in the long segment
Seg3398 (3808 velocity values at measurement intervals τu = 1/6500 s ≈ 0.7
τη) of Mordant’s experiment man290501 (points), compared with the K41 law δv
∼ δt1/2 (red dashed line). The small time scale transition is larger than τη due to
the too large particle diameter 250 μm. However, the K41 law is achieved in an
effective although approximate way on almost two decades.

not differentiable and their derivatives are infinite in the limit
dx → 0, but by defining them as explicit functions of the
increment dx, a renormalized derivative dξ/dx can be defined
which is now finite and which, in the case considered, looks
closely like the initial function ξ. It appears that the time evo-
lution of the acceleration on a particle trajectory in a fully
developed turbulent fluid achieves such a predicted behavior
in a laboratory experiment.

Such a behavior perturbs in an essential way the standard dif-
ferential calculus. Let us show that it is profoundly linked to irre-
versibility and that it involves a two-valuedness of the acceleration
field. In the standard nonfractal case, one identifies the acceleration
a = dv/dt with the first derivative v′(t). This is clear from performing

FIG. 6. Time scale dependence of accelerations standard deviations σa = ⟨a2
⟩

1/2

(blue lower points) and acceleration increment standard deviations σda = ⟨da2
⟩

1/2

(black upper points) in the long segment Seg3398 (3808 velocity values at mea-
surement intervals τu = 1/6500 s ≈ 0.7 τη) of Mordant’s experiment man290501.
They are compared with a K41 law ∼δt−1/2 (red dashed lines). In the inertial
range, the amplitude ratio between the two laws is just

√

2 as expected since
a is uncorrelated beyond a few τη ’s.40,44
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FIG. 7. Variation with time of the accel-
eration a(t) (absolute value, upper part
of the figure) compared to its incre-
ment da(t) (absolute value, lower part)
for Seg3398 (3808 velocity values at
measurement intervals τu = 1/6500 s
≈ 0.7 τη) of Mordant’s experiment #3
man290501.37,40 The acceleration “dif-
ferential elements” da are of the same
order as a itself, in contradiction with
the standard differential calculus which
assumes |da|≪ |a|.

a Taylor expansion,

dv
dt
= v(t + dt) − v(t)

dt

=
[v(t) + v′(t)dt + 1

2v
′′(t)dt2 + . . .] − v(t)
dt

, (2)

so that one obtains

dv
dt
= v′(t) +

1
2
v′′(t)dt + . . . = v′(t) +

1
2
dv′(t) + . . . . (3)

For a standard nonfractal function, the contribution 1
2dv

′(t) and all
the following terms of higher order vanish when dt → 0 so that one
recovers the usual result a(t) = dv(t)/dt = v′(t). In practice, one does

FIG. 8. An example, excerpt from Nottale (1993) (Ref. 18, Fig. 3.18 p. 79), of a
fractal function which closely looks like its own derivative. It is constructed from a
projection of a fractal curve whose generator is a zig-zag made of 8 segments of
length 1/4 (then of fractal dimension Df = 3/2).

not really take the limit dt→ 0, but one considers small time intervals
such that dv′ ≪ v′, allowing the same identification (of a and v′) in
an effective way.

In a fully developed turbulent fluid, we have seen that da ≈ a so
that dv′ ≈ v′ and the term 1

2dv
′(t) can no longer be neglected with

respect to v′(t). Now, the derivative of v(t) involves two points by
definition, which may be chosen to be after (at time t + dt, for dt >
0) or before the point v(t) (at time t − dt). In the standard differ-
entiable case, the two definitions, limdt→0[v(t + dt) − v(t)]/dt and
limdt→0[v(t) − v(t − dt)]/dt, coincide.

In the nondifferentiable case (and for experimental turbu-
lence), the various quantities become explicit functions of the scale
interval dt, which is no longer considered as tending to 0, but as
being variable. The Lagrangian velocity can be described by a frac-
tal function v(t, dt), which an explicit function of two indepen-
dent variables, time t and the (now nonvanishing) differential ele-
ment dt. Then, the derivative of velocity can take the following two
forms:

d+

dt
v(t,dt) = v(t + dt,dt) − v(t,dt)

dt
,

d−
dt

v(t,dt) = v(t,dt) − v(t − dt,dt)
dt

.
(4)

The fact that the increment dv′(t, dt) is no longer negligible with
respect to the first derivative v′(t, dt) implies that the two possible
expressions for the acceleration are no longer equal,

a+ =
d+

dt
v(t,dt) = v′(t,dt) +

1
2
dv′(t,dt),

a− =
d−
dt

v(t,dt) = v′(t,dt) − 1
2
dv′(t,dt).

(5)

Therefore, there is a two-valuedness of the possible values of the
acceleration since, in general, a+ ≠ a−. Note that this two-valuedness
does not come from time reversal. The two (+) and (−) values are
not a forward and a backward acceleration. In both cases, time goes,
as physically expected, from past to future: one goes from one defi-
nition to the other by the transformation (dt → −dt), not (t → −t).
Nor is it a left and right derivative of a standard function: this two-
valuedness is specific of fractal functions which are explicitly depen-
dent on the finite differential element dt, identified with a resolution
interval.
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D. Methods
The methods by which these various conditions are mathe-

matically implemented in the theory of scale relativity are actu-
ally standard, widely used, methods, in particular, in the domain
of turbulence studies (stochastic calculus, Ito formulas, fractals and
mutifractals, complex numbers). The new ingredient that leads to
original results (namely, a Schrödinger form for the derivative of
Navier-Stokes equations after integration) is just their combination,
which has not been considered up to now in this form in fluid
mechanics.

The infinity of the number of possible trajectories naturally
leads to a stochastic description. The use of stochastic differential
equations (SDEs) is a standard method in turbulence studies45–47

and is also a basis of the present approach.
The Ito calculus is particularly adapted to derivation and inte-

gration of stochastic variables when second order differential ele-
ments intervene in an explicit way. This is just the case for fluctu-
ations in turbulence characterized in the inertial range by different
orders for the velocity and time differential elements, according to
Kolmogorov scaling δv2 ∼ δt. It is a standard tool in turbulence stud-
ies. We also naturally use it to build the “covariant” total derivative
which generalizes the Euler derivative d/dt = ∂/∂t + v∇ (which is
specific of fluid mechanics) to fractal geometry.

Fractals and multifractals are now standard tools for building
models in the study of turbulence. Here, we use this concept in a
somewhat different way since we consider the turbulent fluid as a
medium which is fractal in velocity-space and plays the role of a
fractal space for the particles moving into it.18

Complex numbers are used in the theory of scale relativity as
a natural description of the algebra doubling imposed by the two-
valuedness of accelerations. We combine the (+) and (−) accelera-
tions in terms of a doublet (a+, a−) and then in terms of complex
numbers A = (a+ + a−)/2 − i(a+ − a−)/2.

IV. SCHRÖDINGER FORM FOR THE MOTION
EQUATION
A. General argument

As we shall recall hereafter, the combination of the three
conditions (infinite number of possible trajectories, scaling law of
fractal dimension 2, and local irreversibility) leads to give to the
energy equation (integral of a Newtonian equation of dynamics)
a Schrödinger-type form.18 This result is obtained from a general
mathematical argument, which does not depend on the nature of
the variables. We shall first remind how it is obtained in position
space as made in previous publications whose goal was to describe
the dynamics in a fractal space.19 This case corresponds to a funda-
mental fractality relation δx ∼ δt1/2 which characterizes paths of frac-
tal dimension 2 (as expected for stochastic Markovian paths being
neither correlated nor anticorrelated).

However, in the case of laboratory turbulence, as pointed out
by Montera,6 the fractality is not in position space but in velocity
space, as shown by the Lagrangian K41 scaling relation δv ∼ δt1/2.
He then made the remarkable suggestion of applying the scale rel-
ativity theory to turbulence in v-space instead of x-space. In other
words, the fundamental space variable becomes the velocity v, and
the equivalent of the successive derivatives (x, v, a) become (v, a, ȧ).

Therefore, the Navier-Stokes equation remains unaffected by this
new dynamics, but its derivative takes, after integration, the form
of a Schrödinger-type equation.

B. Scale relativity theory in position space: A short
reminder

The laws of motion are obtained in the scale relativity theory
by writing the fundamental equation of dynamics (which reduces to
a geodesic equation in the absence of an exterior field) in a fractal
space (more generally, space-time). As we have seen, the nondif-
ferentiability and the fractality of coordinates implies at least three
consequences:18,19

(1) The number of possible paths is infinite. The description
therefore naturally becomes nondeterministic and probabilis-
tic. These virtual paths are identified with the geodesics of the
fractal space. The ensemble of these paths constitutes a fluid
of geodesics, which is therefore characterized, as a first step,
by a velocity field V (X, t) in the Eulerian representation. The
individual geodesics, which describe the possible trajectories
of particles and are therefore of Lagrangian essence, are linked
to this Eulerian field by the relation dXα/dt = V [Xα(t), t], for
each geodesic labeled by α.

(2) Each of these paths is itself fractal with dimension 2. The
velocity field is therefore a fractal function, V (x, t, dt), explic-
itly dependent on resolutions and divergent when the scale
interval tends to zero (this divergence is the manifestation of
nondifferentiability).

(3) Moreover, the nondifferentiability also implies a two-
valuedness of this fractal function, {V+(X, t, dt), V−(X, t, dt)}.
Indeed, two definitions of the velocity field now exist, which
are no longer invariant under a transformation |dt|→ −|dt| in
the nondifferentiable case. These three properties of motion
in a fractal space lead to describing the geodesic velocity field
in terms of a complex fractal function,

V = V+ + V−
2

− i V+ − V−
2

. (6)

The elementary displacements along these geodesics can be
described in terms of stochastic differential equations (SDEs),
decomposing them as the sum of a mean and a fluctuation. They
take two forms which read (in Lagrangian representation)

dX+ = v+ dt + dξ+, (7)

dX− = v− dt + dξ−. (8)

The scale dependence of the fractal fluctuations reads dξ±
= ζ±

√
2D ∣dt∣1/2, with ζ± being a dimensionless stochastic variable

such that ⟨ζ±⟩ = 0 and ⟨ζ2
±⟩ = 1. The parameter D characterizes their

amplitude.
Using Ito calculus, these various effects can be combined in

terms of a total derivative operator18 which generalizes to fractal
geometry the Euler total derivative (and therefore applies to the
Eulerian representation),

d̂
dt
= ∂

∂t
+ V.∇− iDΔ. (9)
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Various equivalent representations of the equations of dynam-
ics become now possible by using this tool.

1. Geodesic representation
The first representation, which can be considered as the root

representation, is the geodesic one. The two-valuedness of the veloc-
ity field is expressed in this case in terms of the complex velocity field
V = V − iU. It implements what makes the essence of the principle
of relativity: namely, the equation of motion, once written in terms
of the covariant derivative Eq. (9), takes the form of a free inertial
equation devoid of any force

d̂
dt
V = 0, (10)

where the “covariant” derivative operator d̂/dt includes the terms
which account for the effects of the geometry of space—more gener-
ally of space-time in the “relativistic” case (see Ref. 19 and references
therein). In the presence of an exterior potential, the equation of
dynamics takes Newton’s form

m
d̂
dt
V = −∇ϕ. (11)

2. Schrödinger representation
A wave function ψ can be introduced18 as a re-expression of

the action S = −2iD lnψ (which is now complex since the velocity is
complex). As a consequence of the fundamental canonical relation
P = mV = ∇S, the velocity field of geodesics is related to the wave
function according to

V = −2iD∇ lnψ. (12)

This means that the two-valuedness of the velocity field (coming
from nondifferentiability) is expressed in terms of two quantities,
the squared modulus P and the phase θ of this wave function.

By replacing the complex velocity in Eq. (11) by this expression,
one finds that the equation of motion can be integrated under the
form of a Schrödinger equation,18

D2Δψ + iD ∂

∂t
ψ − ϕ

2m
ψ = 0. (13)

3. Fluid representation with quantum potential
By decomposing the complex wave function ψ =

√
P × eiθ/2D

in terms of a modulus
√
P and a phase θ/2D (related to the real

part of the velocity field by the relation V = ∇θ), one can give this
equation the form of hydrodynamics equations including a quantum
potential.18,48,19,49

Indeed, the imaginary part of the Schrödinger equation
becomes a continuity equation,

∂P
∂t

+ div(PV) = 0. (14)

The real part takes the form of an Euler equation,

m( ∂
∂t

+ V .∇)V = −∇(ϕ + Q), (15)

where Q is an additional potential energy that depends on the
probability density P,

Q = −2mD2 Δ
√
P√
P

. (16)

The additional quantum potential is obtained here as a direct mani-
festation of the fractal geometry of space, in analogy with Newton’s
potential emerging as a manifestation of the curved geometry of
space-time in Einstein’s relativistic theory of gravitation.

C. Velocity space: Application to laboratory
turbulence

The application of the scale relativity approach to fluid tur-
bulence in the inertial range (where the relation δv ∼ δt1/2 strictly
holds) amounts to just shift the variables (x, v, a) to (v, a, ȧ). Now,
the velocity V is the primary variable, while the fundamental local
irreversibility leads to a two-valuedness of the acceleration field, (A+,
A−), which is represented in terms of a complex acceleration,

A = A+ + A−
2

− i A+ − A−
2

= AR − iAI . (17)

In the inertial range and neglecting for the moment the Langevin
term −v/TL, the new Lagrangian description starts with two stochas-
tic differential equations in v-space,

dV+ = A+ dt + dVξ+, (18)

dV− = A− dt + dVξ−, (19)

where the scale dependence of the stochastic fluctuation reads, in
agreement with the K41 scaling law,

dVξ± = ζ±
√

2Dv ∣dt∣1/2. (20)

Such linear SDEs are known to yield Gaussian processes (see Ref. 47
and references therein). Therefore, the reduced variable ζ± is taken
here to be a dimensionless Gaussian stochastic variable such that
⟨ζ±⟩ = 0 and ⟨ζ2

±⟩ = 1. The parameterDv characterizes the amplitude
of the fluctuations.

Using the Ito calculus, these various effects can be combined in
terms of a total derivative operator acting in v-space,

d̂
dt
= ∂

∂t
+ A ⋅ ∇v − iDvΔv . (21)

The Navier-Stokes equation (reduced to the Euler equation in
the inertial range by neglecting for the moment the viscous term)
writes in Lagrangian form dv/dt = F. Its derivative with respect to
time reads

da
dt
= Ḟ. (22)

In order to account for the various effects described here, one
replaces d/dt by the new total derivative operator d̂/dt, which
includes the effects of fractality and nondifferentiability. One obtains
the new equation

d̂
dt
A = ( ∂

∂t
+ A ⋅ ∇v − iDvΔv)A = Ḟ. (23)
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Let us now consider in more detail the right-hand side of this
equation, which is a “force” in v-space, that we can formally write
Ḟ(v). We shall show that, in the case of a turbulent fluid as con-
sidered here, this v-force is expected to derive from a potential,
Ḟ(v) = −∇vΦv(v). Indeed, it is well known that a fully developed
turbulent fluid can be decomposed in terms of a cascade of eddies.
The pulsating5 or oscillatory nature of the motion in eddies naturally
leads us to formalize it (at a given instant and for each variable), as
resulting from a sum of oscillators,

dv
dt
= −∑

k
∇x(

1
2
ω2
k (x − xk)2). (24)

The force then derives from an oscillator potential in x-space. The
nature of oscillators is such that the same will be true in v-space, i.e.,
one can write

da
dt
= −∑

k
∇v(

1
2
ω2
k (v − vk)2), (25)

where ωk’s and vk’s are functions of time. One can add to these
harmonic oscillator terms of damping or forcing and more gen-
erally make them anharmonic. In all cases, the main part of the
force derives from a potential, in position space (as known from the
Navier-Stokes force −∇xp/ρ), but also in velocity space. This remark
becomes particularly useful with the Schrödinger form of the motion
equation that we shall obtain since oscillator solutions (harmonic
and anharmonic) are well known and largely studied in standard
quantum mechanics.

Therefore, a leading contribution to the total force can be writ-
ten in terms of the v-gradient of a potential Φv , and, now including
the contributions from fractality and nondifferentiability, we get the
equation

d̂
dt
A = −∇vΦv . (26)

This equation of dynamics in v-space is just the Euler-Lagrange
equation written from a Lagrange function Lv = Lv(v,A, t), which
is now complex since the acceleration A is complex. As a direct con-
sequence, the action in v-space Sv = ∑Lvdt is also complex. It is
linked to the acceleration by the canonical relation A = ∇vSv , and
it can be re-expressed in terms of a complex “wave function” ψv

following the relation:

Sv = −2iDv lnψv . (27)

This wave function can be decomposed in terms of a modulus and a
phase

ψv =
√
Pv × eiθv/2Dv . (28)

The main point here is that the PDF of velocities is given by the
square of the modulus of the wave function, Pv(v) = ∣ψv ∣2, while its
phase is linked to the real part of the complex acceleration through
the relation AR = ∇vθv . The constant 2Dv is therefore the macro-
scopic equivalent in v-space of the constant h̵ of standard quantum
mechanics (for m = 1).

Finally, the derivative of the fluid equations takes, after integra-
tion, the form of a macroscopic Schrödinger equation6,35,29

D2
v Δψv + iDv

∂

∂t
ψv −

Φv

2
ψv = 0. (29)

This Schrödinger equation describes the effects of the part of the
turbulent force which can be written in terms of the gradient of a
potential in v-space. As we have argued, the proven existence of
eddies, which we describe as oscillators, supports the conclusion that
this part is dominant, at least in the inertial range. However, the
very construction of this Schrödinger equation relies on the cascade
through the relation δv2 ∼ δt. Therefore, we expect the potential Φv

to be mainly given by the largest eddies at the large scale end of the
inertial range. As we shall see, the experimental laboratory data fairly
support this conclusion.

Moreover, since it concerns only the inertial range, this
Schrödinger equation does not contain all the contributions to the
dynamics, but it can be considered as a kind of kernel to which other
effects (nonpotential terms, Langevin term, viscosity, etc.) can be
added (see Ref. 48).

As a consequence of the standard relation of Lagrange mechan-
ics (here in v-space), A = ∇vSv , the complex acceleration writes, in
terms of the wave function,

A = −2iDv ∇v lnψv (30)

so that we are now able to establish the expression for the two new
acceleration components A+ and A−,

A+ = +Dv
∂vPv
Pv

+ ∂vθv , (31)

A− = −Dv
∂vPv
Pv

+ ∂vθv . (32)

In many situations which may be relevant to the turbulence case, in
particular, for a harmonic oscillator potential expected to describe
the largest eddies of the turbulent cascade as a first approximation,
the solutions of the Schrödinger equation are real,50 i.e., θv ≈ cst and
then ∂vθv ≈ 0. Under this approximation (which is supported by the
experimental data), the new acceleration can then be written as

Aq = ±Dv
∂vPv
Pv

. (33)

The SDEs which describe the possible trajectories of fluid particles
then write

dV± = −
V
TL

dt ±Dv (∂v lnPv) dt + dVξ±, ⟨dV2
ξ±(τ)⟩ = 2Dvτ,

(34)

where τ = δt is a varying time scale interval and Dv is a constant dif-
fusion coefficient in v-space. We have added a Langevin large scale
contribution in order to account for the velocity autocorrelation and
to connect our approach to the SDE usually written in stochastic
models of turbulence,45–47

dV = − V
TL

dt + dWξ , ⟨dW2
ξ (τ)⟩ = 2D0τ. (35)

There are some important differences between the two
models:

(i) The new contribution Aq is expected to now carry a large
part of the acceleration variance. As we shall see in what fol-
lows, this is supported by experimental data: we find that
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about 85% of the variance is accounted by Aq alone. There-
fore, the diffusion coefficient in the new model is expected to
be smaller than in the standard one, Dv ≪ D0;

(ii) There are two SDEs instead of one because of the two-
valuedness ± (but they can be combined in terms of a single
complex SDE);

(iii) If one wants to account for intermittency and highly non-
Gaussian large tails of the acceleration PDF from the usual
SDE, one should introduce a non-Gaussian probability dis-
tribution of the stochastic fluctuation. In this framework, the
very origin of this non-Gaussianity is still unknown even
though it can be described by multifractal models9,1,10–12 or
by making the model coefficients themselves stochastic pro-
cesses.51 In the new scale relativity framework, we shall show
that the wide tails of the acceleration PDF can be obtained
as an effect of the new acceleration component Aq alone (see
Sec. VI D). The stochastic fluctuation has therefore no reason
to remain non-Gaussian and can be described by a simple
Brownian motion in v-space. As we shall see in the following,
this is supported by experimental data, since we find that the
calm periods of the intermittent acceleration, which are just
the zones where Aq ≈ 0, i.e., of pure fluctuations are perfectly
Gaussian (see Sec. VI E and Fig. 21).

Finally, the full process in the scale relativity approach to turbu-
lence is described by a combination of two coupled equations, for A±
a SDE, and for the derivative of A± the Schrödinger equation (which
is just an expression of the derivative of the Navier-Stokes equation
written in fractal v-space, d̂A/dt = −∇vΦv , in the inertial domain)

A± = −
V
TL
±Dv (∂v lnPv) + Aξ±, ⟨A2

ξ±(τ)⟩ = 2Dv/τ, (36)

D2
v Δψv + iDv

∂

∂t
ψv −

Φv

2
ψv = 0, Pv = ∣ψv ∣2, (37)

where Aξ± is the time derivative of the stochastic process dVξ±. We
shall give, in what follows, examples of numerical simulations of
solutions to these coupled equations.

This system can be put in correspondence with some standard
stochastic approaches, in which, instead of a mere Langevin SDE,
two-level equations [an ordinary differential equation (ODE) for the
acceleration a and an SDE for its derivative ȧ] are also used.52,45,47

1. Quantum-classical transition
One of the main features of standard quantum mechanics is the

existence of a quantum to classical transition around the de Broglie
length-scale. A system becomes quantum for length-scales smaller
than λdB = h̵/(m⟨v2⟩1/2) = h̵/mσv and classical at larger scales.

The equivalent transition in the case of fluid turbulence is nat-
urally a velocity-scale, δvdB = h̵v/⟨a2⟩1/2 = h̵v/σa = 2Dv/σa, where
σa = ⟨a2⟩ is the standard deviation of acceleration. The role of the
Planck constant h̵v, here defined in v-space, is now played by the
constant 2Dv (for m = 1).

However, the existence of a lower time scale, the Kolmogorov
dissipative scale τη, transforms this velocity interval into an accel-
eration adB = δvdB/τη. We know that, under the K41 regime, the

acceleration variance is given by53,54

σ2
a = A0

ε
τη

, (38)

where A0 is a numerical constant which has been estimated to be, in
fully developed turbulence (Rλ > ≈ 500), A0 ≈ 4 in DNS and A0 ≈ 6
from experimental data.32 It is smaller in the work of Mordant et al.
data,40 A0 ≈ 1, probably due to the too large particle size.34 We also
know that, in the K41 regime,

2D0 = C0 ε =
2 σ2

v

TL
. (39)

Then, we find from these various relations that the de Broglie-like
acceleration transition is given by

adB =
Dv

D0

C0

A0
σa ≈ σa. (40)

Therefore, we expect macroscopic quantumlike effects to manifest
at accelerations a < ≈σa, while the large accelerations remain “classi-
cal.” As we shall see, experimental data support this expectation (see
Figs. 10 and 13).

V. IMPLICATIONS AND THEORETICAL PREDICTIONS
The main implications of this new approach that one can

theoretically predict are as follows:

● The velocity PDF is expected to be locally given by the square
of the modulus of a complex “wave function,” Pv = ∣ψv ∣2.

● The function ψv is a solution of a Schrödinger-type equa-
tion. It can have any sign and is generally expected to jump
from one sign to the other at some values vi.

● We therefore expect the occurrence of specific values vi of
the velocity v, defined as those for which Pv(vi) = 0. In most
cases, one expects ψv(v)∝ ±(v − vi) around these values so
that Pv(v) ∝ (v − vi)2. A typical example of this behavior
is given by harmonic oscillator solutions of the Schrödinger
equation (see Fig. 9).

● The new acceleration component Aq = ±Dv (∂vPv)/Pv
becomes clearly divergent around the values where P(vi) = 0,
i.e., Aq→ ±∞when v→ vi (Fig. 9). We have suggested29 that
these divergences are the cause for the large tails of the accel-
eration PDF in a turbulent fluid. We shall show in the fol-
lowing (Sec. VI D) that experimental laboratory data32,7,37,44

can be precisely fitted by the analytical PDF deduced from
the expression of Aq (see Fig. 20).

● Intermittent bursts of acceleration. From this process, we
expect the particle to alternate between being confined in
the probability peaks of the velocity PDF (where Pv is large
and therefore Aq is small) and jumping from one peak to
another, thus crossing the values vi involving bursts of very
large accelerations (see Fig. 13). Such an alternation between
calm periods and bursts of large accelerations is specifically
the process of intermittency, which is typical of turbulence.

● Calm zones of acceleration. Since the large tails of the accel-
eration PDF are now accounted for by the new acceleration
component Aq, the residual stochastic fluctuation is now
Gaussian in our model. Therefore, we expect the calm inter-
mittent periods, which correspond toAq ≈ 0 and are given by
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FIG. 9. Top figure: PDF of velocity for a macroquantum harmonic oscillator, in the
excited state n = 3, for v0 = 0.3 m/s. Down figure: typical shapes of the accelera-
tions Aq(v) = ±Dv ∂v ln Pv , expected for the PDF of velocity Pv (v) given in the
top figure. The acceleration becomes divergent on the null minima of the velocity
PDF (see top figure).

the mere stochastic background fluctuation, to be Gaussian.
This is remarkably confirmed by analysis of experimental
data (see Fig. 21).

● Numerical simulations. Some analytical results can be
obtained from the mere expression of Aq, such as the PDF
of acceleration (see Ref. 29 and the following Sec. VI D).
One can extend the analysis by performing numerical sim-
ulations integrating the system of Eq. (37) [this is similar
to previous simulations performed in x-space in the con-
text of standard quantum mechanics33 (Ref. 19, Chap. 10.5)].
These simulations are used, in particular, to deduce from
the Schrödinger/Aq process the expected correlation func-
tion of the acceleration modulus (see Figs. 22 and 23) and
the exponents of structure functions (Fig. 25), which are in
good agreement with the experimentally observed ones.

VI. EXPERIMENTAL VALIDATIONS OF THEORETICAL
PREDICTIONS

The theoretical predictions of the scale relativity approach to
turbulence listed here above can be checked in specific and possibly
dedicated experiments. These predictions rely on a Schrödinger-
type velocity PDF which is stable on time scales larger than the
correlation time TL. This is because the large eddy oscillator
potential which drives the solutions of the Schrödinger equation

remains itself stationary on larger times. The identification of such
PDFs can be deduced from data analysis of the histograms of
observed velocities, and it therefore requires the obtention of long
enough Lagrangian trajectories (≫TL) individually analyzed, more-
over sampled at times-scales equal or smaller than the Kolmogorov
time τη. These kinds of data are very rare since most experiments
have privileged global statistics on a high number of short trajec-
tories. The acoustic Doppler velocity measurements of N. Mordant
in 200137 in contra-rotative turbulent flows have provided data on
Lagrangian trajectories of length up to 26 TL sampled under τη,
which is therefore relevant for our purpose. We shall mainly focus
in what follows on data analysis of these experiments.

We shall now review the main experimental validations and
proofs of the theoretical predictions made in this new model of
turbulence, by giving some typical examples from analysis of exper-
imental data. Note that the general argument given in Sec. IV C is
valid for both compressible and incompressible flows. However, in
the present paper, we consider experimental validations from data
obtained with only incompressible fluids. The compressible case will
be studied in more detail in forthcoming works.

A. Empty zones and non-Gaussianity of local velocity
PDF

It is well known that the local velocity PDF (i.e., that of individ-
ual Lagrangian trajectories) is far from Gaussian (see, e.g., Figs. 10
and 13).

Some examples of experimental (v, a) “phase” diagrams are
given in Fig. 10. They very clearly support the systematic existence
of empty zones in the “local” velocity PDF. We call here “local” the
PDF derived from one unique Lagrangian trajectory or trajectory
segment of a particle (which is a valid tracer of the flow) instead
of the PDF of the full Lagrangian field constructed from adding the
data from a large number of different segments. Indeed, this mix-
ing of different trajectories would smooth out the Schrödinger-type
structures that we expect to be manifested since the oscillator poten-
tial in the Schrödinger equation is given by a large scale eddy which
is expected to evolve with time and/or to jump to a different one.

Note also that these structures appear only for a < ≈σa, as
expected from the existence of a “macroquantum”-classical transi-
tion around a= σa (Sec. IV C). Then, the values of the zero minima vi
of Pv change from one segment to the other. Therefore, they are not
observable through the usual method of analysis, which consists of
accumulating a large number of velocity values (e.g., 3 × 106 in Mor-
dant’s experiment man290501,37,40 more than 108 in some recent
experiments7). Such a sum will clearly destroy the minima by phase
mixing (see Fig. 10) and lead to a final strict Gaussian distribution
as expected from the central limit theorem and as experimentally
observed.31,32

B. Direct validation of the new acceleration
component A q

The new acceleration contribution Aq = ±Dv ∂v lnPq
v(v),

where Pq
v(v) is the velocity PDF for |a| < σa, can be directly obtained

from the local velocity PDF Pq
v(v). This PDF can be established

from a histogram of velocities on a given trajectory. The values of
Aq depends on the distance of v to the nearest zero minimum vi of
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FIG. 10. Examples of “phase” diagram (v, a) for nine long segments of Mordant’s experiment man290501 (respectively, segments 1135, 2578, 3030, 85, 3439, 8292, 9508,
6353, and 3500, whose length vary from 2218 to 1729 tu, i.e., ≈1700 to 1300 τη and ≈15 to 12 T l ). One can easily check that the existence of almost empty minima in the
velocity distribution for |a| < ≈σa = 280 m/s2 is a systematic property of these Lagrangian segments although the position of these minima varies, as expected, from one
segment to the other. On the contrary, the velocity PDFs for |a| > ≈ σa remains smooth and close to Gaussian (see Fig. 13).

Pq
v(v). Setting δv = v − vi, one may write to lowest order approx-

imation Pq
v(δv) ∼ δv2 so that Aq = 2Dv/δv (blue dashed curve in

Fig. 11). The minimum is expected to be not strictly null in real data
so that one may write Pq

v(δv) = P0[1 + (δv/w)2] around the min-
imum. Therefore, one obtains an improved formula (red curve in
Fig. 11)

Aq(δv) =
2Dvδv
w2 + δv2 . (41)

The effect of the small threshold w is to cut-off the divergence in δv
= 0. In this model, we expect the value of Aq to go down to 0 in
the center of the Pv minimum at δv = 0. A cutoff of the diver-
gence can also be directly inserted in the acceleration by writing
Aq = 2Dv/(

√
w2 + δv2). In this expression, the acceleration no

longer vanishes at δv = 0, while it shares the same behavior as the
previous ones at large δv’s (black curve in Fig. 11).

These expressions remain somewhat unrealistic since they do
not take the local maxima of Pv into account. This can be locally
modeled by writing

Pv = P0[1 + (v1

w
)

2
sin2 δv

v1
], (42)

leading to the expression (dashed brown curve in Fig. 11)

Aq(δv) = 2Dv
v1 cos(δv/v1) sin(δv/v1)

w2 + v2
1 sin2(δv/v1)

. (43)

FIG. 11. Various models for the magnitude of the new acceleration component,
∣Aq∣(δv) = Dv ∂ lnPv(δv)/∂(δv), in function of the distance δv to the near-
est zero minimum of Pv . The dominant behavior is |Aq|∝ δv−1, plus asymptotic
possible corrections depending on the model (see text).
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In this case, the new acceleration contribution vanishes at a distance
πv1/2 of the Pv minimum.

The existence of this new acceleration component can therefore
be directly checked in Mordant’s37,44 experimental data. Actually,
Aq(v) is, by construction, defined at the smallest scale of the inertial
zone, which is larger than the dissipative scale (due to the transi-
tion and, in Mordant’s data, to the particle size). Therefore, its effect
cannot be looked for directly on the individual data points (mea-
sured at time scale τu = 0.7 τη), but instead on the whole arches
themselves. For each segment, we identify the zero minima vi in
the velocity PDF. Then, we look for the maximal acceleration of the
arches in function of the distance δv between the closest Pv mini-
mum and the arch first points (we take the closest of its first three
points).

The result is given in Fig. 12. Its successful comparison with the
theoretically expected dependence of Aq in a function of δv strongly
supports the Aq = ±Dv ∂v lnPv process. We define an amplification
factor as the ratio between the maximal acceleration in the arch and
the acceleration around the zero minima of Pv , given by Aq. The
final effect depends on the amplitude of Aq given by the parame-
ter Dv and on this amplification. The experimental result of Fig. 12
corresponds to an amplification K = 2.4 and to Dv ≈ 2.5.

The final variance balance shows that we have captured most
of the acceleration (i.e., of the forces) contributions. For example, in
Mordant’s 2D data, the standard deviation of the residual accelera-
tions in calm zones is σAξ ≈ 110–130 m s−2, while σAq ≈ 260–290 m
s−2 and σa = 330 m s−2. Therefore, the basic Gaussian stochas-
tic fluctuations contribute for 10%–15% of the variance and Aq for
65%–75%. Then, there is still probably a small missing component
which contributes to 10%–25% of the variance. This is not unex-
pected since we have neglected the contribution to the acceleration
that comes from the phase of the wave function. The approximation
of a negligible phase contribution was supported by a description
of the largest eddies in the cascade in terms of harmonic oscillator
potentials, which leads to real solutions of the Schrödinger equa-
tion. It is clear that this cannot be strictly correct so that another
small contribution is naturally expected, which is however difficult
to estimate directly.

FIG. 12. Direct experimental proof of the new acceleration contribution Aq(δv).
The maximal acceleration in arches is plotted against the distance (in v-space)
to the closest minimum of Pq

v(v) [points, Mordant’s 2D experimental data). It
is compared to the theoretically expected relation Aq(δv), which is ∼1/δv plus a
cutoff toward the origin [Eq. (41), red curve, w = 0.0055 m/s].

C. Intermittency of acceleration
In a turbulent fluid, the accelerations show, in function of

time, an alternance of calm periods followed by multiscale bursts of
large accelerations (see Fig. 7). This behavior is a direct view of the
intermittency of the turbulent flow (which is often characterized by
non-K41 exponents of structure functions; see below).

The new acceleration contribution Aq[v(t)] = ±Dv ∂v lnPv
[v](t) yields a detailed explanation and account of this behavior (see
Figs. 13 and 14). We give in Fig. 13 an example of time evolution of
velocity and acceleration for a segment of Mordant’s data. This seg-
ment shows, as predicted, well defined peaks and almost zero min-
ima of the velocity PDF for a < σa, while the PDF is close to Gaussian
for a > σa (left figure). This comes in support of a macroquantum to
classical transition around σa.

Moreover, it is clearly seen in this figure that the calm peri-
ods correspond to the velocity oscillating into the main probability
peaks, while the acceleration bursts result from jumps between these
peaks (induced by the basic Gaussian underlying stochastic fluctu-
ation), i.e., from the passage through the minima Pv(v) ≈ 0 where
the new acceleration component Aq = Dv ∂v lnPv is expected to
diverge.

In addition, we have performed a simulation which consists of
(1) fitting an analytical velocity PDF Pv(v) (given by an harmonic
oscillator solution of the Schrödinger equation) on the observed PDF
(for |a| < σa, left Fig. 13) in a long segment of Mordant’s experiment;
(2) computing an analytical expression Aq(v) = Dv ∂v lnPv from
this theoretical Pv(v), assuming Dv =cst; (3) following the values
v(t) experimentally observed for this segment, and for each veloc-
ity at each time, computing Aq[v(t)]; (4) according to our model
[Eq. (37)], we add a random Gaussian fluctuation Aξ(t) (of standard
deviation only one third of that of Aq). We have neglected here the
Langevin term, which contributes very weakly to the global variance.
The result is given in Fig. 14 and compared to the observed time evo-
lution of acceleration in this segment. The agreement between the
two variations is striking (the intercorrelation between the observed
and predicted accelerations is at the 10 σ level).

In the simulation whose result is shown in Fig. 14, the
model PDF is that of a quantized harmonic oscillator with n = 3,
v0 = 0.29 m s−1 and mean velocity vm = −0.30 m s−1, which has
been fitted to the “quantum” domain subsample |a| < σa of a long
segment (see Fig. 13). The added Gaussian fluctuation has a stan-
dard deviation σaξ = 80 m s−2 to be compared to the full standard
deviation of the segment accelerations, σa = 285 m s−2. Therefore,
more than 90% of the variance comes from the Aq component
itself. The value of the parameter Dv which defines the amplitude
of Aq[v(t)] = Dv ∂v lnPv[v](t) is Dv = 6 in this simulation. This
value actually includes an amplification factor by the arches (oscilla-
tors at the Kolmogorov viscous scale) and is in good agreement with
the effective value obtained in Sec. VI B.

D. PDF of acceleration
The form of the new contribution Aq, which diverges in the

minima of Pv , yields a natural explanation for the very large val-
ues observed for accelerations in turbulent fluids.36 Moreover, one
of the main consequences of the scale relativity model of turbulence
is its ability to predict in a detailed way the shape of the acceleration
PDF, including, in particular, its large tails.
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FIG. 13. Left figure: observed PDF of velocity for the subsample [1-1800] of Seg3398 of Mordant’s experiment #3 (man290501). Top left figure: observed PDF of velocities
for |a| < σa (black histogram), compared with a solution of the macroscopic Schrödinger equation for a quantized harmonic oscillator with n = 3 (red curve). External peaks
not accounted by this theoretical PDF just fit the corresponding classical oscillator. Down left figure: observed PDF of velocities for |a| > σa (black histogram), compared with
a Gaussian of standard deviation 0.7 m/s (red curve). Right figure: detailed analysis of the evolution of velocity and acceleration with time for the same subsegment. The top
curve shows the time evolution of velocity v(t). The bottom curve shows the time evolution of the acceleration magnitude (|a(t)| (reversed, varying here from 0 to 1000 m/s2).
We have underlined in red the points lying in the main external peaks of the local PDF of velocity and in black those lying in the secondary internal peaks (top left figure). The
vertical green lines mark the limit between the calm periods of acceleration (⟨σa⟩ ≈ 90 m/s2) and the intermittent bursts (⟨σa⟩ ≈ 330 m/s2).

The first step consists of deriving the PDF expected from the
new acceleration Aq = ±Dv ∂v lnPv , which is now the dominant
contribution. The large tails of the PDF are simply explained by the
fact that Pv = ∣ψv ∣2 and that the modulus of the wave function ψv

is expected to oscillate between positive and negative values. When
it crosses ψv = 0 at some velocity vi, one expects in most cases ψv

∝ ±(v − vi), and therefore Pv ∝ (v − vi)2. Around these zeros, one
gets Aq = ±2Dv/(v − vi), which is divergent around v = vi. This
provides a simple explanation for the experimentally observed very
large tails of the acceleration PDF. From this expression of Aq, it is
easy to deduce the corresponding acceleration PDF in the tails,29

Pa(a)∝
1
a4 , (44)

where a is the acceleration. One can easily improve this model by
now describing both a local minimum in ∼v2 and a nearby maxi-
mum of Pv in terms of a locally sinus function, Pv(v)∝ cos2(v/v0).
Setting σa = 2Dv/v0, one obtains the acceleration PDF,

Pa(a) =
2
πσa

1
[1 + (a/σa)2]2 . (45)

Note that such a law has already been proposed by Beck55,56 under
the assumption of Tsallis statistics. (Recall that the Tsallis entropy

FIG. 14. Comparison between the values of |A[v(t)]| pre-
dicted from the Aq(v) acceleration component derived from
a theoretical velocity PDF (blue curve, top figure, see text),
with the experimentally observed evolution of the acceler-
ation magnitude |a(t)| for the whole segment Seg3398 of
Mordant’s experiment man290501 (gray curve, reversed,
down figure). The velocity PDF used in the simulation is that
of a quantized harmonic oscillator for n = 3 according to the
fit of Fig. 13, the effective value of Dv is here Dv = 6, and
the added background Gaussian fluctuation has a standard
deviation σaξ = 80 m s−2. The main alternation of calm
zones and acceleration bursts is clearly recovered in a very
satisfactory way.
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FIG. 15. The “phase” diagram (v, |a|) in velocity space for
the first part of seg3398 of Mordant experiment man290501
(t = τu to 1770 τu). The straight lines connect the mea-
surement points which are separated by τu = 1/6500 s. The
dashed line gives the local standard deviation of accelera-
tion σa = 245 m/s2 for this segment. The holes in the velocity
PDF are clearly apparent for a < σa, while the large val-
ues of the acceleration (a≫ σa) evolve along “archs” which
amplify the effect of the new acceleration component Aq.

is a nonadditive generalization of the standard Boltzmann-Gibbs
entropy, while the associated statistics characterize complex, anoma-
lous diffusion, and/or chaotic systems).

In our approach, it is directly predicted from the dynamics, but
this is only a lowest order approximation, since this result is obtained
from the mere behavior of the inertial range (δv2 ∼ δt). Despite this,
it fits the experimental PDF very nicely up to about 15 sigmas (see
Fig. 20).

Therefore, one should also account for the dissipative scales,
which cut-off the acceleration divergence toward small time scales.
For scales smaller than a few τη’s, the scaling law δv ∼ δt1/2 is
no longer valid and one comes back to a standard differential δv
∼ δt. Therefore, toward small time scales (τ < ≈τη), the new accel-
eration contribution is no longer given by Aq = ±Dv ∂v lnPv with
Dv constant. It tends to 0 when τ → 0 and becomes smaller than
the stochastic fluctuation which is itself no longer scale-dependent.
Therefore, at the limit τ → 0, one may write σ2

a = 2Dv/τ, where
σ2
a is the asymptotic value of the acceleration variance, so that one

obtains

Aq(τ, v) = 1
2
σ2
a τ ∂v lnPv(v). (46)

One therefore expects the real acceleration PDF to be lower than the
purely inertial a−4 law, as supported by the experimental data (see
Fig. 16).

There are two consequences of this process. One direct conse-
quence concerns the central part of the PDF (“small” accelerations,
|a| < 10 σa in Bodenschatz et al. data,7 |a| < 4.5 σa in Mordant’s data
due to the large particle size). By using the small scale expression of
Aq [Eq. (46)], one finds a corrected law which can be integrated in
terms of the special function MeijerG (given in Fig. 16),

Pa(A) = ∫
∞

0
exp(−2

A
t
) (1 + t2)−2

t
dt = 1

2
√
π
G3,1

1,3(A
2∣

−1
0, 0, 1

2

).

(47)

This function perfectly fits the experimental data in the central part
of the PDF (see Figs. 16 and 20). Beyond a few σa’s, it becomes iden-
tical to the a−4 law. Therefore, this effect does not impact the very
large tails of the PDF.

There is a second indirect consequence of the existence of the
dissipative transition which now applies to the large tails. The largest
values of the acceleration are obtained at the smallest time scales, i.e.,
in the dissipative eddies at sub-Kolmogorov scales. These eddies can

be described in terms of damped harmonic oscillators (DHO) (in
v-space), which are solutions of the equation

da
dt
= − a

Ta
− (v − v0)

τ2
ω

. (48)

One can show (see the Appendix) that this simple model yields
solutions that are very close to the anharmonic oscillators directly
obtained from the Navier-Stokes equations at dissipative scales,
dv/dt = νΔv. These damped solutions achieve “arches” (see Figs. 15
and 18) whose shapes are characterized by the parameter

χ = τa
4Ta
= τω

2
√

4T2
a − τ2

ω
. (49)

One finds for the arches, the general relation

AmaxT
π ΔV

= K(χ) = 1 + χ2 + . . . , (50)

where Amax is the maximal acceleration reached on half a period, T
is the half-period duration, and ΔV is the half velocity extension of
the arch. Then, at small time scales close to the dissipative scales,
the maximal acceleration Amax ∝ Aq ∝ τ. One identifies the scale
variable τ to τa and since the damping time Ta does not depend on

FIG. 16. Comparison between Mordant et al.7 experimental data (blue points) in
the “central zone” (a < ≈10σa) of the acceleration PDF and the theoretical expec-
tation accounting for the dissipative scales [Eq. (47), red continuous curve]. The
dashed curve is the primary a−4 law predicted from the sole inertial (K41) range.
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FIG. 17. Ratio between the Voth et al.32 phenomenological formula (that fits the
experimental acceleration PDF) and the a−4 law theoretically expected as a first
order approximation (see text). The black curve is the difference between the log-
arithms of the two PDFs. It is compared to an exponential cutoff (red dashed
line).

scale, one finds that Amax ∝ τa ∝ χ. This means that the probability
distribution of the arch shapes is not constant in function of their
amplitude, but instead that their maximal acceleration is correlated
with their shape. The larger the maximal acceleration, the larger the
χ, i.e., the largest accelerations are obtained in arches (eddies) which
are more damped. This expectation can be successfully checked in
Mordant’s data:37 as can be seen in Fig. 19, there is a quadratic cor-
relation for large accelerations Amax > 4σa, between the parameter
K(χ) ≈ 1 + χ2 and the maximal acceleration Amax at the 17σ level of
significance, validating the theoretical expectation Amax ∝ χ.

One naturally expects an exponential cutoff to the a−4 purely
inertial law from such a relative damping mechanism. This is sup-
ported by the experimentally observed PDF (see Fig. 17).

Therefore, an acceleration which should have been A with an
A−4 PDF without this effect is reduced to a smaller acceleration a by
a damping factor ρ(a) = a/A(a) (see Fig. 18). This damping factor can
be established from the analytical expressions of the arches obtained

from solving the viscous Navier-Stokes equation at dissipative scales,
dv/dt = νΔv (see the Appendix).

As expected, this process results in an exponential cutoff to
the PDF tails, such that the corrected PDF is found to be given, for
Bodenschatz et al. data,7 by

Pa(a)∝
e−2
√

1+(a/26.7σa)2

[1 + (a/σa)2]2 , (51)

where the numerical coefficient results from a fit of the experimental
data.

The corresponding PDF for Mordant data37 is obtained from
a simple dilation of the acceleration values, aB ≈ 2.3 aM which
accounts for the particle size effect (amounting to an effective Kol-
mogorov scale τηeff ≈ 5 τη ≈ 2.32τη). Note that, in the observed range
(|a| > ≈ 15 σa in Bodenschatz et al. data), this exponential cutoff is
indistinguishable from the simple following law, depending on only
one free parameter a0,

Pa(a)∝ (
1
a
− 1
a0
)

4
, (52)

where a is normalized to σa. The free parameter is fitted to
a0 = 44 for Mordant’s data and a0 = 100 for Bodenschatz et al. data
(in agreement with the ratio ≈2.3 between the two sets of data).

It has been shown32,7 that the experimental acceleration PDFs,
once normalized, exhibit universal behavior for high Reynolds num-
bers (Rλ > ≈500) and can be well fitted by a phenomenological
stretch exponential formula. Our resulting predicted PDF shows an
excellent agreement, with only one fitted parameter, with both this
phenomenological fit and the experimental data (see Fig. 20).

E. Gaussianity of residual fluctuations in calm zones
One of the most radical new predictions of the scale relativ-

ity model of turbulence is that the residual fluctuations, beyond
the effect of Aq, remains Gaussian. This is opposite to the standard
description in which, except for the small Langevin term, the whole
acceleration is stochastic and should therefore be characterized by
the highly non-Gaussian PDF with large tails.

FIG. 18. Illustration of the mechanism of exponential cutoff to the a−4 law (first order approximation of the acceleration PDF). Left figure: a decrease in the maximal
acceleration reached for similar initial conditions (the acceleration scale is here arbitrary), in function of the damping parameter χ: from top to down, χ = 0 (harmonic oscillator,
highest black curve), χ = 0.2 (blue curve), χ = 0.4 (green curve), and χ = 0.8 (lowest red curve). Right figure: an acceleration which should have been A with an A−4 PDF
according to the inertial regime is decreased to a = ρ(A) A due to the damping mechanism of the left figure. Since χ is correlated with A (see text), the depletion is larger for
higher accelerations.
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FIG. 19. Experimentally observed quadratic correlation between the parameter
K(χ) = π−1AmaxT /ΔV ≈ 1 + χ2, which characterizes the shape of the “arches”
[anharmonic or damped oscillator solutions of the viscous Navier-Stokes (NS)
equation, see (A7), with K = 1 for the harmonic oscillator] and their maximal accel-
eration Amax (Mordant experiment man290501). One finds a regression curve K(x)
= 1.107 + (x/35.46)2, where x = Amax/σa (red dashed curve), significant at the 17
σ level, thus supporting the expectation that Amax ∝ χ.

In our model, the large tails are generated by Aq, while the
stochastic residual fluctuation Aξ is expected to be a standard Gaus-
sian Brownian motion with variance σ2

Aξ ≪ σ2
a .

It is easy to check for this property in experimental data since
we expect the acceleration to be reduced to the fluctuation Aξ when
Aq vanishes, and we know precisely when this occurs: just when the
velocity v is far from the zero minima of Pq

v , namely, when the parti-
cle trajectory oscillates inside the probability peaks of the velocity
PDF, without crossing the null minima (see Fig. 13). This corre-
sponds to the “calm” zones of the intermittent acceleration (see, e.g.,
Fig. 6).

This expected correlation is supported by a statistical analysis
of Mordant’s experimental data: in the 2D data (which allows us to

FIG. 20. Comparison between the observed acceleration PDF in Bodenschatz
et al. data7 (Rλ = 690, 108 values up to ∼55 sigmas, blue points), the (1 +
(a/σa)2

)
−2 law expected as a first approximation (dotted-dashed black curve),

and the PDF corrected for both small and large accelerations (red contin-
uous curve). The corrected curve perfectly fits the data within experimental
uncertainties.

correct for the v = 0 bias present in the 1D data), we find that 85% of
the calm zones are inside the probability peaks of Pq

v(v) (|a| < σa).
We give in Fig. 21 the PDF of acceleration in these calm zones

in Mordant’s experimental data. It is fully Gaussian with a high
level of precision, showing absolutely no non-Gaussian large tail.
Its standard deviation is σAξ = 115 m s−2 which is 40% of the full
σa = 280 m s−2. In other words, the residual Gaussian fluctuation
contributes to now only ≈16% of the variance and therefore Aq to
≈84% or less [since a small missing phase term may also contribute;
see Eq. (32) and what follows].

F. Autocorrelation functions of acceleration modulus
One of the most interesting results of recent experimental tur-

bulence studies is the discovery of a linear long-range behavior for
the square root of the autocorrelation function R1/2

∣a∣ of the accel-
eration modulus (see right Fig. 22). A similar result holds for the
correlation function of its logarithm, Rln |a | (right Fig. 23).37,44 This
result is used as empirical basis for multifractal random walk mod-
els10,11,9,1 which have allowed to recover, e.g., the values of some of
the exponents of structure functions.

These models are just built from the assumption of an autocor-
relation of the acceleration magnitude given by44

⟨ln ∣A(t)∣ ln ∣A(t + τ)∣⟩ = −λ2 ln
τ
TL

, (53)

where τ = δt < TL and λ2 is an adjustable parameter.
We have performed numerical simulations of the Schrödinger/

Aq process [Eq. (37)] and then computed R1/2
∣a∣ and Rln |a | for the

accelerations obtained in these simulations. Some typical examples
of the results are given in the left parts of Fig. 22 and Fig. 23.
We obtain the same results independently of the chosen value
for the quantum number n characterizing the oscillator in the
Schrödinger equation. This independence is expected since the dom-
inant effect comes from the minima of Pq

v(v)which have a universal
parabolic shape. The simulations look very much like the exper-
imentally observed autocorrelation functions (right figures), with
values of the slope close to the observed one −λ2 ≈ −0.12. This
suggests that a universal process may be at play and that it should
be possible to get an analytical expression of these autocorrelation
functions.

G. Exponents of structure functions
One traditional way of characterizing intermittency is by the

difference of observed exponents of the structure functions with
respect to their expected K41 values.

Up to now, there is no available theoretical prediction of the
values of these exponents in the present approach based on the
effect of the newAq acceleration component. Thus, we have achieved
numerical simulations of the Aq-Schrödinger process, which pro-
vides us with virtual Lagrangian trajectories (in terms of sequences
of velocity values) that we can compare with the real trajectories
obtained in Mordant’s experiments.37,44 In these simulations, the
velocity increment simply contains three components [Eq. (34)]: a
Langevin term −vdt/TL which ensures the velocity autocorrelation,
the new component Aq(v)dt, and a Gaussian random fluctuation.
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FIG. 21. Left figure: observed PDF of
accelerations in the calm zones (points,
from Mordant 2D experiment37), com-
pared with a Gaussian (red curve). Right
figure: logarithm of this PDF, confirming
its Gaussian nature (black dashed curve)
and the absence of large tails, compared
to the a−4-like global PDF (red dashed
curve).

FIG. 22. Square-root of the autocorre-
lation function R1/2

∣a∣ of the acceleration

magnitude. The left figure is obtained
from a numerical simulation of the accel-
eration values Aq[v(t)] derived from a
velocity PDF given by a n = 3 quantized
harmonic oscillator. It compares very well
with the right figure, which is obtained
from the experimental values of acceler-
ation for Seg3398. The dashed red lines
are linear fits with yield similar slopes in
the simulation and in the experimental
data.

The function Aq(v) is given by the solution of the Schrödinger equa-
tion [Eq. (37)] in harmonic oscillator potentials with various values
of the quantum number n.

Our goal here is just to compare the structure functions and
their scale exponents in the simulated data with those of the exper-
imental data so that we have applied to the simulation the same
method of data analysis as used by Mordant et al.37,31,44

Then, we have computed the structure functions in the
simulations,

Dp(τ) = ⟨∣Δτv∣p⟩. (54)

Then, we have established their scale dependence (see Fig. 24)
and measured the exponents p through Extended Scale Similarity

(ESS),57 in which one looks for the scale dependence of the struc-
ture functions relatively to the second order moment D2, i.e., Dp(τ)
= D2(τ)ξp .

The result is compared in Fig. 25 to the exponents measured by
Mordant in his experimental data.37,44 The experimentally measured
exponents are closely reproduced (within uncertainties) by the sim-
ulation, even for large values of p > 4 for which the various existing
models no longer account properly for them.58

Besides the simple (experimental vs simulated) data analy-
sis given here above, one may briefly discuss the question of the
validity of the exponents determination. It has been shown that
the exponents actually depend on the Reynolds number so that
finite Reynolds effects should be taken into account.2 The second

FIG. 23. Autocorrelation function Rln |a |(τ) of the logarithm of the acceleration magnitude. The left figure is obtained from a numerical simulation of the acceleration values
Aq[v(t)] derived from a velocity PDF given by a n = 1 quantized harmonic oscillator. The simulated trajectory has been smoothed to account for the particle size in Mordant’s
experiments. The resulting autocorrelation function compares well with the right figure, which is obtained from the experimental values of acceleration for Mordant’s experiment
man290501. The red dashed lines are linear fits which yields similar slopes in the simulation and in experimental data.
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FIG. 24. Structure functions obtained in a numerical simulation of the Aq-
Schrödinger process, D1 to D7, from top to down. The velocity PDF is solution
of a Schrödinger equation for a harmonic oscillator potential with n = 3. The tra-
jectory in the simulation contains N = 80 000 points sampled with time intervals
τη and then smoothed with a filter of width 5τη to account for a particle size
250 μm, as in Mordant’s experiment. The simulated structure functions are in close
agreement with those obtained from the experimental data in this experiment.37,44

question is on the validity of the ESS method applied to the
Lagrangian case. ESS has been discovered57 to be an extension of the
multifractal approach introduced by Frisch et al. (see, e.g., Ref. 1),
and it has been applied to flows in the Euler formulation of the
NS equation. It seems to be valid at any Reynolds number, and it
relies on the 4/5 law involving the 3rd order correlation function in
space. However, ESS has been also applied by Mordant et al. in the
Lagrangian case, now starting from the second order structure func-
tion in time, under the Multifractal Random Walk hypothesis. This
procedure was not justified at that epoch by these authors who used
it as an ansatz, but it was found useful for comparing the predictions

FIG. 25. The exponents of the structure functions measured in a numerical simu-
lation of the Schrödinger-Aq process for a harmonic oscillator potential with n = 3
(blue points) are compared to those measured in experimental data (37 smaller red
points) to the K41 expectation (black dashed line) and to the exponents derived
from a multifractal random walk model (Ref. 11, red dashed curve).

of this model on the exponents of the structure functions to the new
Lagrangian experimental data.

The relation between the Eulerian and Lagrangian exponents in
the multifractal model is now established.58,59 Moreover, the appli-
cation of the ESS to the Lagrangian case has been now substan-
tiated.60,61 More recently a mathematical study by Drivas62 gave a
rigorous equivalent of the 4/5 law in the Lagrangian case involving
the second order structure function. From this relation, one can now
reliably construct an ESS method valid in the Lagrangian case.

VII. DISCUSSION AND CONCLUSION
Let us explain in more detail the mechanism underlying the

new process. The inertial range and its K41 scaling law δv2 ∼ δt
serves as microscopic structure and theory for the establishment of
the Schrödinger equation. The oscillator potential in this equation
therefore corresponds to the largest eddies of the cascade, at the large
scale end of the inertial domain. These large eddies remain estab-
lished during times that may be far larger than the integral time TL
(a full turn of the particle in the eddy lasts ≈πtL = πL/σv ≈ 6–9 TL
and several turns are possible). This explains why a macroquantum
structure may exist on times≫TL.

Then, the new acceleration component Aq is generated from
the solution Pq

v = ∣ψ∣2 of this Schrödinger equation. It is expected
to describe the observed PDF only for |a| < ≈σa since there is a
macroquantum to classical transition around σa. The experimentally
observed PDF is a mixing of macroquantum and classical contri-
butions. We expect these solutions of a Schrödinger equation to
be manifest only in Lagrangian data and only “locally” (i.e., on
a given unique trajectory or segment of trajectory of a fluid ele-
ment). Indeed, the combination of different Lagrangian trajectories
smoothes out the Schrödinger structures due to shift of the min-
ima and maxima of Pv for different oscillator potentials describ-
ing different eddies. In the same way, the Eulerian data corre-
spond to different trajectories for each measurement, involved in
different eddies, thus preventing from manifesting the expected
structures.

The scale where Aq is established is the lowest end of the inertial
range, just larger than the viscous Kolmogorov scale τη. At dissipa-
tive scales, below τη, one recovers a standard differential regime δv
∼ δt, and the particle trajectories become again deterministic. They
are involved in dissipative eddies well described by classical damped
or anharmonic oscillators. Although these eddies have the smallest
radii and velocities, their accelerations are the largest of the cascade.
These “arches” achieve a kind of amplification to very large acceler-
ations a≫ σa of the Aq component generated in the macroquantum
domain.

Let us finally recall the key-points of the new scale relativity
approach to turbulence:

(1) Under fractal and nondifferentiable conditions, the deriva-
tive of the Navier-Stokes equations can be transformed, in the
inertial domain, into a Schrödinger-type equation;

(2) The velocity PDF, Pv = ∣ψv ∣2, is obtained from a “local”
solution ψv (i.e., concerning one segment of trajectory of a
fluid particle) of this macroscopic Schrödinger equation (in
the sense that the constant which replaces h̵ is a macroscopic
diffusion coefficient). This Schrödinger regime is valid for |a|
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< ≈σa, beyond which there is a transition to classical behav-
ior (which is a manifestation of the de Broglie transition in
v-space).

(3) The fact that Pv is the square of the modulus of the “wave
function” ψv implies that null minima P(vi) = 0 must exist
for some values of the velocity. An analysis of Mordant’s
experimental data has allowed us to show that the velocity
PDFs of individual Lagrangian segments are indeed highly
non-Gaussian and present in a systematic way empty zones
in the “macroquantum” domain |a| < ≈σa. This quasitotal
exclusion of some particular values of the velocity appears
as a highly nonclassical feature. This nonstandard behav-
ior is re-enforced by the fact that the velocity PDF remains
near to Gaussian when |a| > ≈σa, i.e., beyond the expected
macroquantum to classical transition.

(4) The existence of a new acceleration component Aq
= ±Dv (∂vPv)/Pv is deduced from this model. Due to its
1/Pv dependence, this new component is divergent at the
quasinull minima Pv(vi) ≈ 0. This explains the very large
values observed for accelerations in turbulent fluids. This
new component has been directly seen and validated in the
experimental data.

(5) Moreover, the general behavior of the velocity PDF around
its minima, Pv ∼ δv2, allows one to derive a universal shape
for the acceleration PDF under a pure inertial regime, Pa(a)
∼ 1/a4. The account for the Kolmogorov dissipative range
leads to correct this law in terms of an exponential cutoff at
large accelerations. The finally obtained PDF perfectly fits the
experimentally observed one with only one free parameter,
including its very large tails (which have been measured up to
≈55 σa).

(6) The predicted existence of an alternance of probability peaks
and of almost empty minima in the velocity PDF of indi-
vidual segments also accounts for the intermittency of accel-
eration in great detail. When the particle velocity oscil-
lates inside one of the probability peaks without crossing
a minimum, the Aq contribution remains small and only
the stochastic fluctuation remains. This leads to the calm
zones of the intermittent acceleration. Since the highly non-
Gaussian statistics of acceleration is fully accounted for by
Aq, the residual fluctuation is expected to be strictly Gaus-
sian. This expectation is fully supported by experimental data.
As concerns the intermittent bursts, they are predicted to
result from “quantum jumps” between the probability peaks,
when the particle velocity crosses the zero minima, involv-
ing a divergence of the acceleration component Aq. There
too, this process can be followed in detail in the experimental
data.

(7) Finally, this analytical approach has been completed by
numerical simulations of the Schrödinger/Aq process. They
have allowed us to recover the experimentally observed
autocorrelation functions of acceleration magnitude and the
observed exponents of the structure functions.

We conclude by emphasizing that the new approach based on
scale relativity methods that we have developed here is not statis-
tical in its essence, but partly deterministic (although based on an
underlying stochastic fluctuation). When a given large scale eddy

is established for some time, its corresponding potential is deter-
mined and so is the solution of the Schrödinger equation including
this potential. Then, Pv is known and finally the derived accelera-
tion component Aq(v). In practice, the complexity of the evolution
of the velocity v(t) leads to a pseudorandom nature of Aq[v(t)]: this
explains why the intermittent acceleration in turbulent fluids has
been considered up to now to be fully stochastic in nature. Another
aspect of the present work is that, besides the new insights it brings
on the nature of turbulence, it provides, if confirmed, a labora-
tory experimental validation of the theory of scale relativity (in its
“macroquantum” aspects).
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APPENDIX: EXACT OSCILLATOR SOLUTIONS
OF VISCOUS NS EQUATION AT KOLMOGOROV
DISSIPATIVE SCALES

At Kolmogorov dissipative scales τ < ≈τη, where viscous effects
become dominant, the Navier-Stokes equations take a simplified
form

∂tu = ν Δu, (A1)

under the approximations ∇p ≪ ν Δu and u∇u ≪ ν Δu. These
approximations both amount to neglecting second order contribu-
tions to the velocity, u2 ≪ u, where u = u(x, y, z, t) is the Eulerian
velocity field.

The Eulerian velocity u[x, t] is by definition the velocity of the
Lagrangian fluid particle which goes through position x at time t. Let
us describe by xL(t) the trajectory of a fluid particle. The differen-
tial equation of the Lagrangian trajectory is given from the Eulerian
velocity field by the equation

dxL
dt
= u[xL, t]. (A2)

We shall obtain one-dimensional solutions of this equation that
are expected to be applicable to a fully developed turbulent fluid at
scales around and lower than the Kolmogorov scale. Our results are
easily generalizable to the 2D and 3D cases.

Oscillating solutions of Eq. (A1) have been obtained by
Landau5 although in a different context. They read, in terms of the
Eulerian velocity field,

u[x, t] = exp(−x
δ
) exp{i(x

δ
− t
τδ
)}, (A3)

where the length-scale δ is linked to the time scale τδ by the relation

δ =
√

2 ν τδ , (A4)

where ν is the viscosity coefficient. These well-known solutions are
characterized, as expected, by a (here spatial) damping Langevin-
type term −x/δ, typical of the dissipative process, and by a harmonic
oscillator term.
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The new result obtained here is that Lagrangian trajectories
xL(t) can be derived from the Eulerian velocity field using Eq. (A2).
We get a differential equation which we write in terms of reduced
variables X = xL/δ and T = t/τδ ,

Ẋ = e−X+i(X−T). (A5)

Since we are interested here in the velocity aspect of the solutions,
let us transform Landau’s expression into a differential equation for
V = V/vδ , where vδ = δ/τδ . It reads (in terms of the acceleration
A = V̇ = dV/dt)

A = −i V + (−1 + i)V2. (A6)

This equation is easily solved under the form of an inverse harmonic
oscillator, i.e., re-inserting the reference scales,

v(t) = u0

(1 + i) + k exp(i t/τδ)
, (A7)

where k is a numerical integration constant.
There are many ways to express real solutions of the viscous

NS equation deduced from the above general complex solution. An
example is the following expression, from which the other solutions
can be derived using the symmetries of the problem:

v(t) = Δv (h − (1 − h2) cos(t/τδ) + h
1 + h2 + 2h cos(t/τδ)

), (A8)

where h is another integration constant. The acceleration reads

a(t) = Δv
τδ

(1 − h2)2 sin(t/τδ)
[1 + h2 + 2h cos(t/τδ)]2

. (A9)

A power series expansion of v(t),

v(t) = cos( t
τδ
) + h[1 − 2 cos2( t

τδ
)]

+h2[4 cos3( t
τδ
) − 4 cos( t

τδ
)] + . . . (A10)

allows us to manifest the nature of these solutions as being actually
anharmonic oscillators.

This exact oscillator solution of the viscous NS equation (NSO)
can finally be compared with a damped harmonic oscillator (DHO)
characterized by κ = 2χ = τa/(2Ta) [Eq. (48)]. To this purpose, we
identify the expressions of Amax/Δv obtained, respectively, in these
two cases,

Amax−NSO ≈
Δv
τδ
(1 + 4 h2), Amax−DHO ≈

Δv
τδ
(1 +

1
4
κ2), (A11)

and we identify the two half-periods so that τδ = τa.
To the lowest order, one can therefore make the identifica-

tion κ ≈ 4h, which becomes to a better approximation κ = 4h(1 +
h2/2). For small values of the parameters, the NSO and the DHO are
undistinguishable. Even for large values, such as shown in Fig. (26),
the solutions of the damped oscillator equation and of the viscous
Navier-Stokes equation remain similar. They provide good repre-
sentations of the shape of arches observed in actual experiments,
such as seen, e.g., in Fig. 16.

FIG. 26. Comparison in the (v, a) space on half a period (“arch”) between the
solution of the viscous NS equation (red lower curve) and a damped harmonic
oscillator (blue upper curve) with same Δv and Amax and with τa = τδ . The value
of κ = τa/(2Ta) = 2χ is κ = 1.6, and the corresponding value of h in Eqs. (A8) and
(A9) is h = 0.373.
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